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ABSTRACT 
The translation complement of the translation plane of order 27 constructed by 
F. A. Sherk is determined completely. The translation complement is of order 162 and 
divides the set of distinguished points into exactly two orbits, one of which consists of 
a single distinguished point. 
1. INTRODUCTION 
F. A. Sherk [8] has constructed a non-Desarguesian, nonsemifield transla- 
tion plane of order 27 and shown that it is not the Andre plane, Hering’s flag 
transitive plane of order 27 [l], or the flag transitive plane of order 27 
constructed by Rao and Rao [3]. The translation complement G of this new 
plane contains exactly one cyclic subgroup of shears (affine elations), and this 
answers a question about the existence of such planes raised by T. G. Ostrom 
[5, 17, p. 1301. While studying some of the properties of this plane, Sherk 
briefly describes a process to determine the translation complement and 
remarks that it is very small. Some spot checks lead him to conjecture that the 
translation complement is the direct product of the single cyclic subgroup of 
shears and the subgroup of order 2 fixing every component of the spread. The 
aim of this paper is to determine the translation complement completely. It 
has been shown that the translation complement is of order 162 and divides 
the set of distinguished points (d.p.‘s for short) into exactly two orbits, one of 
which consists of a single d.p. This shows that the above conjecture of Sherk 
is false, and his conclusion that the order of the translation complement is less 
than or equal to 18 is also false [8, p. 3161. Further the orbit structure of the 
set of d.p.‘s under the translation complement deduced in this paper enables 
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the authors to answer the following question raised by Ostrom [2, p. 1131 in 
the affirmitive: 
Does there exist a translation plane of non-square order that is not a semifield plane 
but whose collineation group fixes a point on the line at infinity and is transitive on 
the other points of the line at infinity? 
2. DESCRIPTION OF SHERK’S PLANE OF ORDER 27 
Sherk [S] has described his plane r through a 2-spread set S, 
S= {Qi+xZ]h~GF(3),0<i<8}, 
where I is the 3 X 3 identity matrix; Q,, 0 < i < 8, are 3 X 3 matrices over 
GF(3) given by 
i 0 2 0 1 1. 1  Qo:= [I ; ;]> QT=(i ; ;). Q,c,= 
We label the elements of S for convenience as follows: 
Q,+R=Q,+Z> O<i<8, 
and 
Q ,+,s=Qg-IT O<i<8. 
Let V, = {(x, y, 2, ~,9,r)l(p,q,r)=(x,y,z)Qi, r,y,c~GF(3)} for6< 
i < 26 and V, = V,, = {(O,O,O, p, 9, r ) 1 p, 9, T E GF(3)) be subspaces of 
V(6,3), where V(6,3) is the 6dimensional vector space over GF(3). The 
incidence structure with Vi, 0 < i < 27, and their cosets in the additive group 
of V(6,3) as lines and the vectors of V(6,3) as points with inclusion as the 
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incidence relation is the plane T constructed by Sherk. Any nonsingular linear 
transformation of V(6,3) which permutes the subspaces Vi, 0 < i < 27, among 
themselves induces a collineation belonging to the translation complement, 
and conversely any collineation from the translation complement is induced 
by a nonsingular linear transformation of V(6,3) which permutes the sub- 
spaces Vi, 0 < i < 27, among themselves. 
Sherk has proved that every collineation of rr fixes the d. p. CC [8, Lemma 
2, p. 31 l] and has given the general form of a collineation from the translation 
complement by the following (see [8, Lemma 4, p. 3131). 
LEMMA 2.1. Any collineation of 7~ which belongs to the translation 
complement is induced by the form 
M-+K+A-‘MA. 
whereK=Qi,0<i<26, andA=IorelseAisororder 3. 
In the above lemma we make a slight modification-namely, A = + Z or 
else A3 = + I -in order to compute the translation complement completely. 
It is given that the mapping T: M + Z + M, M E S, induces a collineation 
of 7~ [8, Lemma 3, p. 3121. Its action restricted to the set of d.p.‘s of T is 
given by 
7: (co)(0,9,18)(1,10,19)(2, Il,20)(3,I2>21) 
(4,13,22)(5,14,23)(6,15,24)(7,16,25)(8,17,26), 
where i is the d.p. incident with the line V. 
3. SOME COLLINEATIONS OF r 
In this section we give some collineations of T from the translation 
complement and study their actions restricted to the set of d.p.‘s of n. 
LEMMA 3.1. The mupping 
CX: M - A-‘MA, M ES, 
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induces a collineation rr, and its action restricted to the set of d.p.‘s of ci~ is 
(4,24,26)(5,21,7)(6,8,13)(12,25,23)(15,17,22). 
Proof. The given mapping cx induces a collineation of 77 if A ‘MA E S 
for all M E S. Since every matrix M E S is of the fonn Qi + hZ for some i, 
0 < i < 8, and X E GF(3), A- ‘MA E S implies A- ‘Q, A E S. Thus to estab- 
lish that (Y induces a collineation of r it is enough if we verify that 
A ‘Qi A E S for all i, 0 < i < 8. A simple and straightforward computation 
shows the following: 
A -lQoA = Qo, A lQ,A = Q,o> A--‘Q,A = Qzo, 
A -lQsA = Qlcj, A-‘Q,A = Q2ar A ‘Q4 = Qm 
A--‘Q,A= Qs, A -~ ‘QTA = Q5> A- rQxA = Qrt3. 
This shows that (Y induces a collineation of rr, and its action restricted to the 
set of d.p.‘s now follows easily. Hence the lemma. W 
Computing the characteristic polynomials of matrices Q, for i = 1, 2, 3, 4, 
5, 6, 12, and 15 and using Lemma 3.1, we have the results in Table 1. The 
entry a, b, c under the head “C.P. of Q,” denotes that - h:’ + r~h~ + bX + c 
is the characteristic polynomial of the matrix Q,. 
TABLE 1 
C.P. of (Is: 
Values of i a, b, c 
l,lO, 19 0,1,2 
2,20,11 O,l, 1 
3,16,14 LLl 
4,24,26 2,1,2 
5,21, 7 LO,2 
6, 8,13 co,1 
12,25,23 1,2,2 
15,17,22 2,2,1 
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LEMMA 3.2. The mapping 
y: M+Q14+ B-‘MB, M ES, 
5 
induces a collineation of P, and its action restricted to the set of d. p.‘s of 7~ is 
(1,7,17,10,16,26,19,25,8)(2,21,22,11,3,4,20,12,13). 
Proof. The mapping y induces a collineation of v if Qi4 + B- ‘MB E S 
for all M E S. By an argument similar to that of the proof of Lemma 3.1, we 
conclude that y induces a collineation of v if Qi4 + B- ‘Qi B E S for all i, 
0 < i < 8. It is a matter of detail to verify that 
B-‘Q,B = Q14, @Q,B = Q, - Qm B-‘Q,B = Qzl - Q14T 
B-‘Q,B = Q4 - Qw B-‘Q,B = Ox, - Qm B-‘QsB = Qa - Qm 
B-‘Q,B = Qg - Qlz,, B-‘Q,B = Q17 - Q14, B-‘Q,B = Ql- Qw 
The truth of the lemma now follows. n 
LEMMA 3.3. The group generated by { a, y } induces a collineation group 
of TI whose action restricted to the set of d.p.‘s of T divides it into two orbits, 
one of which consists of a single d. p. 
Proof. The d.p. 00 is in one orbit, since it is fixed by every collineation of 
a [8, Lemma 2, p. 3111. An examination of the actions of the collineations 
induced by 
{ a-ky~kyi 10 < k Q 2,0 < i < S} 
restricted to the set of d.p.‘s reveals that the subgroup induced by ((Y, y) is 
transitive on the remaining d.p.‘s. Hence the lemma. n 
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4. THE TRANSLATION COMPLEMENT OF 71 
In order to find the translation complement completely we need the 
following results. 
LEMMA 4.1. If M is a matrix from F3, the ring of a11 three by three 
matrices over GF(3), and if the characteristic polynomial of M is irreducible 
over GF(3), then Z(M), the centralizer of M in Z$, is the subfield of F3 
which contains M. 
Proof. See [6, Lemma 3.51. n 
LEMMA 4.2. Zf A-‘MA ES for every M ES, A-‘Q,A =Qi* and 
A ‘Qd = Qm then A = f I. In other words, the collineations irrciuced by 
are the only collineations which fix the d.p.‘s 27, 0, 3, and 14. 
Proof. Any collineation 6 which fixes the d.p.‘s 27 and 0 is induced by 
theformS:M-+A-‘MAsuchthat A-‘MA~Sforall M~S.Further, Aor 
A” must be + I. The additional condition that 6 fixes the d.p.‘s 3 and 14 
implies that A must be in Z(Q3)f’ Z(Q,,). An examination of the matrices 
Q;, and Q14 (see Table 1) shows that both have the same characteristic 
polynomial - A’ + A2 + h + 1, which is irreducible, and therefore Z(Q,) and 
Z(Q,,) are the subfields of F3 (Lemma 4.1) containing Q3 and Q14 respec- 
tively. Further, Z(Q,) does not contain Q14, because Q:, and Q14 do not 
commute. This in its turn implies that Z(Q,) + Z(Q,,). Then Z( Q,)n Z(Q,,) 
= { Qo, I, - Z }, and therefore A = + I, and these induce collineations of r. 
n 
LEMMA 4.3. There does not exist a collineation which fires the d. p.'s 
27,0,3 and interchanges the d. p.‘s 14 and 16. 
Proof. Suppose p is a collineation which fixes the d.p.‘s 27, 0, and 3. 
Then it is induced by the form p : M -+ A ‘MA such that A ‘MA E S for all 
M E S, A-‘Q,A = Q3, and A = f Z or A3 = & I. But the condition that p 
interchanges 14 and 16 implies that A # + I. Then A” = + I. Since p2 
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induces the form M + A - 2MA2, it fixes the d.p.‘s 27, 0, 3, and 14, and by 
Lemma 4.2 we have that A2 = k I. The two conditions A2 = + Z and 
A3 = + Z together imply the condition A = + I, a contradiction. From this 
contradiction we infer the truth of the lemma. W 
LEMMA 4.4. The collineation induced by 
iii :‘I and (,’ oz) 
are the only collineations which fix the d.p.‘s 27, 0, and 3. 
Proof. Any collineation a which fixes the d.p.‘s 27, 0, and 3 is induced 
bytheforma:M+A- ‘MAwhereA-‘MAESforall M~Sand A-‘Q,A 
= Q3. Further, an examination of Table 1 shows that Q3, Qi4, Qi6 are the 
only matrices in S which have the characteristic polynomial - A3 + A2 + X + 1. 
This implies that u must map the d.p.‘s 3, 14, and 16 among themselves. But 
u fixes the d.p. 3, and therefore either it fixes the d.p.‘s 14 and 16 or it 
interchanges them. If u fixes the d.p.‘s 14 and 16, then by Lemma 4.2, 
u=(i :))or( ,’ Tz). 
If u interchanges the d.p.‘s 14 and 16, then we get a contradiction. Hence the 
lemma. W 
LEMMA 4.5. The group of all collineations which fixes the d. p.‘s 27 and 
0 is given by (a) and is of order 6. 
Proof. If 17 is a collineation which fixes the d.p.‘s 27 and 0, then it is 
induced by the form q: M + A -‘MA, where A-‘MA ES for all M E S. The 
collineation q maps the d.p. 3 onto the d.p. 3, 16, or 14, while fixing the d.p.‘s 
27 and 0. The collineation qcyk for some appropriate value k = 0, 1, or 2 fixes 
the d.p.‘s 27, 0, and 3 and therefore 
(by Lemma 4.4). Thus 9 E ( CX) and the lemma follows. n 
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THEOREM 4.6. The translation complement G is given by 
(4.1) 
where a, E (a, y ) such that ai maps the d.p. 0 onto the d.p. i, 0 < i < 26, 
and G is of order 162. 
Proof. Since c is transitive on the d.p.‘s i, 0 < i < 26, and (CY) is the 
subgroup of G consisting of all collineations from G which fix the d.p.‘s 27 
and 0, we get a coset decomposition of G given by (4.1), and its order is 
6x27= 162. W 
The complete collineation group of 71 is now given by (G, G’), where G’ 
is the group of all translations of 7~. 
REMARKS. It is interesting to note that L= y3 E c!? and the subgroup (7) 
is a normal subgroup of G. The group G = G/N, where N is the subgroup of 
scalar linear transformations in V(6,3), is of order 81. This implies that the 
conjecture of Sherk that G g (7) is false [S, p. 3161 and his conclusion that 
G/(T) is either trivial or of order 3 [8, p. 3161 is also false, since the order of 
G/(7) is 27. However, the most interesting feature of r is the fact that its 
translation complement is of small order, as stated by Sherk, when compared 
to the orders of the translation complements of the currently known transla- 
tion planes of order 27 (see [4], [5], and [6]). 
The authors wish to thank the referee for his valuable suggestions. 
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